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Green’s functions of a transversely isotropic half-space overlaid by a thin coating layer are analytically
obtained. The surface coating is modeled by a Kirchhoff thin plate perfectly bonded to the half-space.
With the aid of superposition technique and employing appropriate displacement potential functions,
the Green’s functions are expressed in two parts; (i) a closed-form part corresponding to the transversely
isotropic half-space with surface kinematic constraints, and (ii) a numerically evaluated part reﬂecting
the interaction between the half-space and the plate in the form of semi-inﬁnite integrals. Some limiting
cases of the problem such as surface-stiffened isotropic half-space, Boussinesq and Cerruti loadings, and
extremely ﬂexible and rigid plates are also studied. For the classical Cerruti problem in transversely iso-
tropic materials, the effects of incompressibility are highlighted. Numerical results are provided to show
the effects of material anisotropy, relative stiffness factor, and load buried depth. The obtained Green’s
functions play a key role in treating further mixed-boundary-value problems in surface stiffened trans-
versely isotropic half-spaces.
 2012 Elsevier Ltd. All rights reserved.1. Introduction
With the development of coating and reinforcing technology,
study on this area has attracted many researchers in recent dec-
ades. Thin ﬁlms and functionally graded (FG) layers covering the
surface of a solid for increasing its thermo-mechanical properties,
and application of geotextiles in reinforcing soil strata are the
well-known examples which are widely used in various engineer-
ing ﬁelds. Pavements, slabs on grounds, and mat foundations are
known as the classical examples of coating application in civil
engineering. Moreover, corrosion, polishing, and chemical reac-
tions can signiﬁcantly change the material properties of a thin
layer on the surface of a half-space. Therefore, analysis of a coat-
ing-substrate system with dissimilar material properties is also
of practical interest to material scientists. In most analytical treat-
ments of coating-substrate systems, the layer is modeled as a thin
plate.
The contact between the thin plate and the half-space can be as-
sumed to be either bilateral, unilateral, or bonded. The bilateral
contact assumption implies that the interface is smooth and capa-
ble of sustaining both normal compressive and tensile stresses
whereas the shearing stresses are zero. In the absence of any resis-
tance to the normal tensile stress at the interface, the plate is prone
to separate from the half-space. For such a situation, the unilateralll rights reserved.
5; fax: +98 764 4422828.
ari), ahmadi@kish.sharif.educontact model is employed and the extent of separation zone is an
unknown to be determined. If the plate is in adhesive contact with
the underlying half-space, the bonded contact model is the most
realistic model which is often utilized. There are plenty of works
in the literature dealing with the problems of isotropic half-spaces
with ﬂexural constraints subjected to either surface or buried
loads. The reader is referred to see the extensive list of references
cited in Selvadurai et al. (1999), Selvadurai (2001) and Wang et al.
(2005).
Wide applications of anisotropic materials in modern technolo-
gies as well as observing anisotropic behaviors in most rocks and
soil strata necessitate studying their responses under various load-
ing conditions. The behavior of most anisotropic materials encoun-
tered in practical applications can be appropriately represented by
the transversely isotropic model. Although there is a bulk of re-
searches in the literature concerned with the interaction of a thin
plate bonded to an isotropic medium, the existing works in this
area related to anisotropic materials are very limited. Rahman
and Newaz (2000) examined the Boussinesq problem for a trans-
versely isotropic half-space reinforced by a thin ﬁlm. They utilized
two simplifying assumptions of generalized plane stress conditions
applied to the layer and neglecting its ﬂexural stiffness. Shodja and
Eskandari (2007) considered the axisymmetric time-harmonic re-
sponse of a transversely isotropic substrate-coating system. In
their study, the axisymmetric time-harmonic load is applied either
on the surface or at the substrate-coating interface. Based on the
Hertzian contact theory, Lee et al. (2009) studied the surface inden-
tation of a thin layer bonded to a functionally graded isotropic half-
space. Argatov and Sabina (2012) examined the frictionless
Fig. 2. A transversely isotropic half-space with surface kinematic constraints under
axisymmetric surface normal stress.
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forced with a thin layer. They neglected the ﬂexural stiffness of
the layer and assumed a plane stress state for its modeling. The
existing works in the area of reinforced transversely isotropic sol-
ids are very limited and mostly concerned with the surface re-
sponses. On the other hand, Green’s functions play a key role in
dealing with mixed-boundary-value problems such as cracks,
inhomogeneities, indentors, etc. corresponding to stiffened half-
spaces.
In this paper, Green’s functions of a transversely isotropic half-
space with surface coating are analytically obtained. The coating
layer is modeled as a Kirchhoff thin plate perfectly bonded to the
half-space. The point load Green’s functions are composed of a
closed-form part corresponding to the transversely isotropic half-
space with kinematic surface constraints in addition to a numeri-
cally evaluated part showing the effects of coating ﬂexural stiff-
ness. Some special cases of the problem such as surface-stiffened
isotropic half-space, Boussinesq and Cerruti loadings, and extre-
mely ﬂexible and rigid coatings are studied in detail. The effects
of material anisotropy, relative stiffness factor, and load buried
depth are depicted in some plots. The obtained Green’s functions
can be used in further mixed-boundary-value problems related
to surface stiffened transversely isotropic half-spaces.
2. Problem statement
Consider a Kirchhoff thin plate of inﬁnite extent and thickness t
perfectly bonded to a homogeneous transversely isotropic linear
elastic half-space, as shown in Fig. 1. The origin of the cylindrical
coordinate system Oðr; h; zÞ is set on the interface in such a way
that the z-axis points into the half-space and coincides with the
axis of rotational symmetry of the medium. The bonded contact
of thin plate imposes zero in-plane displacements at the surface
of the half-space
urðr; h;0Þ ¼ 0; r P 0; 2p > hP 0; ð1Þ
uhðr; h;0Þ ¼ 0; r P 0; 2p > hP 0; ð2Þ
as well as the equality of the surface normal displacement of the
half-space and the transverse deﬂection of the plate
uzðr; h;0Þ ¼ wðr; hÞ; r P 0; 2p > hP 0; ð3ÞFig. 1. A surface stiffened transversely isotropic half-space under the action of a
buried point load.where ur , uh, and uz are the displacement components pertinent to
the half-space, and w is the plate deﬂection.
The system is subjected to a buried point load P acting at depth
z ¼ h,
P ¼ Pheh þ Pzez; ð4Þ
where eh ¼ er cosðh h0Þ  eh sinðh h0Þ is the horizontal unit vec-
tor in the direction of h ¼ h0, see Fig. 1; er; eh, and ez are the unit vec-
tors in r; h, and z directions, respectively; and Ph and Pz are load
magnitudes in the horizontal and vertical directions, respectively.
Owing to the linearity of the problem, the superposition tech-
nique is employed and the problems corresponding to the horizon-
tal and vertical load components can be considered separately. For
the axisymmetric problem of an internal vertical point load, Pz, it is
evident that an axisymmetric normal stress is induced at the plate-
substrate interface. On the other hand, the internal horizontal point
load, Ph results in an asymmetric normal stress acting on the plate-
half-space interface. Therefore, the detached half-space with kine-
matic surface constraints (1) and (2) are subjected to four types of
loading: (I) an axisymmetric normal stress on the surface, see
Fig. 2; (II) an asymmetric normal stress on the surface, as shown
in Fig. 3; (III) an internal vertical point load; and (IV) an internal
horizontal point load. In the next section, the surface normal dis-
placement for all mentioned cases is obtained. Then, the interaction
between the plate and the half-space is taken into account.
3. Transversely isotropic half-space with kinematic surface
constraints
3.1. Governing equations in displacements potentials
In the absence of body forces, the governing equilibrium equa-
tions for the homogeneous transversely isotropic elastic half-space
under consideration can be expressed in terms of Lekhnitskii’s po-
tential functions F and v as (Lekhnitskii, 1963)
r21r22Fðr; h; zÞ ¼ 0; ð5Þ
r20vðr; h; zÞ ¼ 0; ð6Þ
where
r2i ¼ r2rh þ
1
s2i
@2
@z2
; i ¼ 0;1;2;
and rrh is the two-dimensional Laplace operator in the polar plane.
In the above, s0 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c66=c44
p
and also s1 and s2 are the roots of the fol-
lowing equation with positive real parts
Fig. 3. A transversely isotropic half-space with surface kinematic constraints under
asymmetric surface normal stress.
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 
s2 þ c11c44 ¼ 0; ð7Þ
where cij are the elastic constants of the solid with
c66 ¼ c11  c12ð Þ=2. The elastic constants cij have the following rela-
tions with engineering elastic constants
c11 ¼
E 1 EE0 m02
 
ð1þ mÞ 1 m 2 EE0 m02
  ; c13 ¼ Em01 m 2 EE0 m02 ;
c33 ¼ E
0ð1 mÞ
1 m 2 EE0 m02
; c44 ¼ G0; c66 ¼ G; ð8Þ
where E;G, and m are Young’s modulus, shear modulus, and Pois-
son’s ratio in the isotropy plane, respectively; and the prime quan-
tities correspond to the plane normal to it. It is worth to mention
that m0 denotes the contraction in the isotropy plane when tension
is applied in the direction of axis of rotational symmetry. The dis-
placement components ur;uh, and uz, and the normal stress compo-
nent rzz are related to the potential functions F and v as
(Lekhnitskii, 1963)
c66urðr; h; zÞ ¼ ðc13 þ c44Þ @
2Fðr; h; zÞ
@r@z
 c66
r
@vðr; h; zÞ
@h
; ð9Þ
c66uhðr; h; zÞ ¼ ðc13 þ c44Þ1r
@2Fðr; h; zÞ
@h@z
þ c66 @vðr; h; zÞ
@r
; ð10Þ
c66uzðr; h; zÞ ¼ c11r2rh þ c44
@2
@z2
 !
Fðr; h; zÞ; ð11Þ
and
c66rzz ¼ ðc11c33  c213  c13c44Þr2rh þ c33c44
@2
@z2
" #
@Fðr; h; zÞ
@z
: ð12Þ
Employing Fourier series representation over the angular coor-
dinate h in conjunction with Hankel transform with respect to the
radial coordinate, and considering the regularity conditions for a
transversely isotropic half-space, the solutions for a single Fourier
term of F and v are given by
eFmmðn; zÞ ¼ AmðnÞes1nz þ BmðnÞes2nz; ð13Þ
~vmmðn; zÞ ¼ CmðnÞes0nz; ð14Þ
where AmðnÞ; BmðnÞ, and CmðnÞ are unknown functions to be deter-
mined from boundary conditions. It is worth noting that themth or-
der Hankel transform for a sufﬁciently regular function f ðrÞ is
deﬁned as (Sneddon, 1972)~f mðnÞ ¼
Z 1
0
rf ðrÞJmðrnÞdr; ð15Þ
in which n is the transform parameter and Jm is themth order Bessel
function of the ﬁrst kind. The useful transformed form of relations
(9)–(12) are given as
c66ð~umþ1rm þ i~umþ1hm Þ ¼ ðc13 þ c44Þn
deFmm
dz
 ic66n~vmm; ð16Þ
c66ð~um1rm  i~um1hm Þ ¼ ðc13 þ c44Þn
deFmm
dz
 ic66n~vmm; ð17Þ
c66~umzm ¼ c44
d2
dz2
 c11n2
 !eFmm; ð18Þ
c66ð~rmþ1zrm þ i~rmþ1zhm Þ ¼ c44n c13
d2
dz2
þ c11n2
 !eFmm  ic66 d~vmmdz
( )
; ð19Þ
c66ð~rm1zrm  i~rm1zhm Þ ¼ c44n c13
d2
dz2
þ c11n2
 !eFmm  ic66 d~vmmdz
( )
; ð20Þ
c66 ~rmzzm ¼
d
dz
n2 c13ðc13 þ c44Þ  c11c33ð Þ þ c33c44 d
2
dz2
( )eFmm: ð21Þ
3.2. Case I: axisymmetric surface loading
For a transversely isotropic half-space with surface kinematic
constraints subjected to an axisymmetric surface loading, see
Fig. 2, in addition to the surface kinematic boundary conditions
(1) and (2) one must also satisfy the following traction boundary
condition
rzzðr; h;0Þ ¼ SðrÞ: ð22Þ
Due to the symmetry of the problem, the complete solution for the
potential functions can be expressed by considering only zeroth-or-
der Hankel transform. Substituting (13) and (14) into (17) and (21)
and satisfying (1), (2), and (22) we get
eF 0ðn;0Þ ¼ c66eS0ðnÞ
c33c44s1s2 s1 þ s2ð Þn3
; ð23Þ
~v0ðn;0Þ ¼ 0: ð24Þ
Now, by substituting (23) and (24) into (18), the transformed
normal displacement at the surface is given by
f~u0zgIðn;0Þ ¼ 
c44 þ c33s1s2ð ÞeS0ðnÞ
c33c44 s1 þ s2ð Þn ; ð25Þ
where the superscript ‘‘I’’ denotes the quantity corresponding to
load case I.
3.3. Case II: asymmetric surface loading
For a purely asymmetric normal loading applied on the surface
of a transversely isotropic half-space with the inextensibility
conditions (1) and (2) on its surface, one must consider the follow-
ing traction boundary condition
rzzðr; h;0Þ ¼ QðrÞ cosðh h0Þ: ð26Þ
The asymmetric form of the normal stress on the surface implies
similar distribution for the surface normal displacement, i.e.
uzðr; h;0Þ ¼ UzðrÞ cosðh h0Þ: ð27Þ
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by utilizing the ﬁrst-order Hankel transform. Substituting (13) and
(14) into the expressions of transformed displacement and stress
components (16)–(21), and satisfying (1), (2), and (26) yield
BðnÞ ¼  s1
s2
AðnÞ ¼ c66
eQ 1ðnÞ
c33c44s2 s21  s22
 
n3
: ð28Þ
Subsequently, the transformed normal displacement at the surface
is given by
f~u1zgIIðn;0Þ ¼ 
c44 þ c33s1s2ð ÞeQ 1ðnÞ
c33c44 s1 þ s2ð Þn : ð29Þ3.4. Case III: internal vertical point load
In order to ﬁnd the solution for a transversely isotropic half-
space with surface kinematic constraints (1) and (2) under the ac-
tion of an internal vertical point load Pz, the following traction
boundary condition at the surface should be taken into account
rzzðr; h;0Þ ¼ 0: ð30Þ
The solution of this problem can be easily obtained by considering
two Kelvin forces applied in the negative z-direction at z ¼ h of an
inﬁnite transversely isotropic solid. Employing the mentioned
superposition technique and utilizing the displacement ﬁelds due
to the application of a normal Kelvin load (Pan and Chou, 1976),
the transformed surface normal displacement is obtained as
f~u0zgIIIðn;0Þ ¼
Pz s1g2es2nh  s2g1es1nh
 
2pc33c44s1s2 s21  s22
 
n
; ð31Þ
where gi ¼ c11  c44s2i , (i ¼ 1;2). It can be easily veriﬁed that (31)
exactly satisﬁes the surface kinematic constraints (1) and (2) as well
as the traction boundary condition (30).
3.5. Case IV: internal horizontal point load
The surface normal displacement of a kinematically constrained
transversely isotropic half-space under the action of an internal
horizontal point load is equivalent to the solution of a transversely
isotropic full-space subjected to doublet horizontal Kelvin loads
acting in opposite directions. Therefore, by employing the Kelvin
force solution for a transversely isotropic full-space (Pan and Chou,
1976), one can ﬁnd
~u1z
 IV ðn;0Þ ¼ Phg1g2 es1nh  es2nh 
2pc11c44 c13 þ c44ð Þ s21  s22
 
n
: ð32Þ
It is worth noting that this solution is completely consistent with
the prescribed boundary conditions (1), (2), and (30) on the surface.4. Interaction between transversely isotropic half-space and
bonded thin plate
For the Kirchhoff thin plate under consideration subjected to
the contact normal stress qðr; hÞ, the governing partial differential
equation is (Timoshenko and Woinowsky-Krieger, 1959)
Dr2rhr2rhwðr; hÞ ¼ qðr; hÞ; ð33Þ
where D ¼ Ept3=½12ð1 m2pÞ is the ﬂexural rigidity of the plate; and
Ep and mp are its Young modulus and Poisson’s ratio, respectively.
Here, the interaction problems corresponding to the axisymmetric
and asymmetric loads are considered separately.4.1. Internal vertical point load
Due to symmetry of the problem, the governing equation of
plate deﬂection (33) reduces to
D
d2
dr2
þ 1
r
d
dr
 !
d2
dr2
þ 1
r
d
dr
 !
wðrÞ  SðrÞ ¼ 0: ð34Þ
Applying the zeroth-order Hankel transform on both sides of this
equation leads to
Dn4 ~w0ðnÞ  eS0ðnÞ ¼ 0: ð35Þ
On the other hand, condition (3) in the Hankel transformed form
can be rewritten as
~w0ðnÞ ¼ f~u0zgIðn;0Þ þ f~u0zgIIIðn;0Þ: ð36Þ
Substituting (25) and (31) into (36) and removing ~w0ðnÞ from (35)
and (36) yield
eS0ðnÞ ¼ Pz s1g2es2nh  s2g1es1nh 
2p s1g2  s2g1ð Þ
IðnÞ; ð37Þ
in which
IðnÞ ¼ 1 1
1þ n3w ; w ¼
D c44 þ c33s1s2ð Þ
c33c44 s1 þ s2ð Þ :
In fact, the parameter w can be interpreted as the relative stiffness
factor of the plate to the half-space. Furthermore, 0 < IðnÞ < 1 re-
ﬂects the dimensionless ﬂexural stiffness of the plate, e.g. for an ex-
tremely ﬂexible plate IðnÞ ! 0 and for a rigid plate IðnÞ ! 1.
4.2. Horizontal internal point load
By taking the contact stress distribution as (26), which induced
from the horizontal internal point load, the governing differential
equation of the plate deﬂection becomes
Dr2rhr2rhwðr; hÞ ¼ QðrÞ cosðh h0Þ: ð38Þ
Rewriting wðr; hÞ in the form of (27) and applying the ﬁrst-order
Hankel transform on both sides of this equation leads to
Dn4 ~w1ðnÞ  eQ 1ðnÞ ¼ 0: ð39Þ
Moreover, the ﬁrst-order Hankel transform of condition (3) gives
~w1ðn; hÞ ¼ f~u1z gIIðn; h;0Þ þ f~u1z gIV ðn; h;0Þ: ð40Þ
Substituting (29) and (32) into (40) yields
eQ 1ðnÞ ¼ c33g1g2s1s2 es1nh  es2nh 
2pc11 c13 þ c44ð Þ s1g2  s2g1ð Þ
IðnÞ: ð41Þ4.3. Green’s functions
By substituting (37) and (41) back into (23) and (28), respec-
tively, and using the transformed displacement-potential functions
relations (16)–(18), the displacement Green’s functions can be
written as
u^i ¼ ½u^i H þ ½u^i I; ð42Þ
where ½u^i H (i ¼ r; h; z) are the closed-form Green’s functions for a
homogeneous transversely isotropic half-space with surface con-
straints; and ½u^i I are numerically evaluated interaction terms. It
should be noted that the superscript ‘‘⁄’’ denotes the direction of
point load. Thus,
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ðc13 þ c44Þ
4pc33c44ðs21  s22Þ

X2
i¼1
ð1Þi Pzr sgnðz hÞRi Ri
þ 1
Rþi R
þ
i
	 

þPh cosðh h0Þðc13 þ c44Þ

 c44  c33s
2
i
si
 
1
Ri
 1
Rþi
 r
2
Ri R
2
i
þ r
2
Rþi R
þ2
i
 !)
þPh cosðh h0Þ
4pc44s0
1
R0
 1
Rþ0
 
; ð43Þ
½u^hHðr;h;zÞ¼
Ph sinðhh0Þ
4pc44s0
1
R0
 1
Rþ0
 r
2
R0R
2
0
þ r
2
Rþ0R
þ2
0
(
þ s0
c33ðs21s22Þ
X2
i¼1
ð1Þi c44c33s
2
i
si
 
1
Ri
 1
Rþi
 )
; ð44Þ
½u^z Hðr;h;zÞ ¼
1
4pc33c44ðs21  s22Þ
X2
i¼1
ð1Þi Pzgi
si
1
Rþi
þ 1
Ri
 
Phr cosðh h0Þðc13 þ c44Þ
giðc44  c33s2i Þ
s2i
sgnðz hÞ
Ri R

i
 1
Rþi R
þ
i
 	 

: ð45Þ
in which
Ri ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r2 þ s2i z hð Þ2
q
; Ri ¼ Ri þ sijz hj; i ¼ 0;1;2;
and
½u^r Iðr; h; zÞ ¼
1
4pc44
2Pz
Z 1
0
c3nJ1ðnrÞdn Phcosðh h0Þ


Z 1
0
c1n J0ðnrÞ  J2ðnrÞð Þdn

; ð46Þ
½u^hIðr;h;zÞ ¼
1
4pc44
Ph sin ðh h0Þ
Z 1
0
c1n J0ðnrÞ þ J2ðnrÞð Þdn
 
; ð47Þ
½u^z Iðr; h; zÞ ¼
1
2pc44
Z 1
0
Phcosðh h0ÞX1nJ1ðnrÞdn

þ
Z 1
0
PzX2nJ0ðnrÞdn

; ð48Þ
where the kernel functions c1; c3;X1, and X2 are
c1ðn; z;hÞ ¼
s1s2g1g2IðnÞ
c11nðs21  s22Þðs1g2  s2g1Þ
 eðs1hþs2zÞn þ eðs1zþs2hÞn  es1nðzþhÞ  es2nðzþhÞ ;
c3ðn; z; hÞ ¼
ðc13 þ c44Þg1g2IðnÞ
c33nðs21  s22Þðs1g2  s2g1Þ
 s2
g2
es1nðzþhÞ þ s1
g1
es2nðzþhÞ  s2
g2
eðs1hþs2zÞn  s1
g1
eðs1zþs2hÞn
 
;
X1ðn; z;hÞ ¼ g1g2IðnÞc11ðc13 þ c44Þnðs21  s22Þðs1g2  s2g1Þ
 s2g1ðes1nðzþhÞ  eðs1zþs2hÞnÞ þ s1g2ðes2nðzþhÞ  eðs2zþs1hÞnÞ
 
;
X2ðn; z;hÞ ¼ g1g2IðnÞc33nðs21  s22Þðs1g2  s2g1Þ
 eðs1hþs2zÞn þ eðs1zþs2hÞn  s2g1
s1g2
es1nðzþhÞ  s1g2
s2g1
es2nðzþhÞ
 
:
For transversely isotropic materials whose elastic constants
hold the relation
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c11c33
p  c13  2c44 ¼ 0, which gives s1 ¼ s2 ¼ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c11=c334
p
, the obtained Green’s functions become singular. In order
to overcome this difﬁculty, taking the limit s1 ! s2 yields½u^r Hðr; h; zÞ ¼
1
8pc44
Ph cosðh h0Þ 2s0
1
R0
 1
Rþ0
 	
 g1
c11s1
1
R1
 1
Rþ1
 r
2
R
3
1
þ r
2
Rþ
3
1
 !
þ 2
s1
1
R1
 1
Rþ1
 r
2
R1R
2
1
þ r
2
Rþ1R
þ2
1
 !#
þPz ðc13 þ c44Þs
3
1
c11
r
zþ h
Rþ
3
1
þ z h
R
3
1
 !" #)
; ð49Þ
½u^hHðr; h; zÞ ¼
Ph sinðh h0Þ
8pc44
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and
c1ðn; z;hÞ ¼ 
s1hnzg21IðnÞes1nðzþhÞ
2c11 c11 þ c44s21
  ;
c3ðn; z;hÞ ¼
c13 þ c44ð Þ c11 þ c44s21 þg1s1nh
 
zIðnÞes1nðzþhÞ
2c33s1 c11 þ c44s21
  ;
X1ðn;z;hÞ ¼
g21h c11 þ c44s21 þg1s1nz
 
IðnÞes1nðzþhÞ
2c11 c13 þ c44ð Þs1 c11 þ c44s21
  ;
X2ðn;z;hÞ ¼ 
c11 þ c44s21 þg1s1nh
 
c11 þ c44s21 þg1s1nz
 
IðnÞes1nðzþhÞ
2c33ns31 c11 þ c44s21
  ;
for the case s1 ¼ s2.5. Limiting cases
Before proceeding to any numerical treatments, it is relevant to
examine some special cases of the present study. The special cases
of the current study associated with the isotropic half-space,
considered by Selvadurai (2001) and Selvadurai and Willner
(2006) are used for veriﬁcation purposes. Other limiting cases such
as extremely ﬂexible and rigid plates, Cerruti and Boussinesq load-
ings, and surface normal displacement are also considered to high-
light some interesting phenomena and give more simpliﬁed
solutions for the problems of practical importance.
5.1. Isotropic half-space
For an isotropic material with shear modulus l, and poison’s ra-
tio m, the following relations hold
c11 ¼ c33 ¼ 2lð1 mÞ1 2m ; c12 ¼ c13 ¼
2lm
1 2m ; c44 ¼ c66 ¼ l; ð52Þ
which subsequently yield
s0 ¼ s1 ¼ s2 ¼ 1: ð53Þ
By substituting back these relations into (43)–(45), the closed-form
parts of Green’s functions for an isotropic half-space with surface
coating are given by
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:
Furthermore, the kernel functions corresponding to the interaction
terms reduce tociso1 ðn; z;hÞ ¼ 
nhzIisoðnÞenðzþhÞ
4ð1 mÞð3 4mÞ ;
ciso3 ðn; z;hÞ ¼
ð3 4mþ nhÞzIisoðnÞenðzþhÞ
4ð1 mÞð3 4mÞ ;
Xiso1 ðn; z;hÞ ¼
ð3 4mþ nhÞhIisoðnÞenðzþhÞ
4ð1 mÞð3 4mÞ ;
Xiso2 ðn; z;hÞ ¼ 
ð3 4mþ nhÞð3 4mþ nzÞIisoðnÞenðzþhÞ
4ð1 mÞð3 4mÞn ;whereIisoðnÞ ¼ 1 1
1þ n3wiso
; wiso ¼
Dð3 4mÞ
4lð1 mÞ : ð54Þ
By setting z ¼ 0 in the obtained Green’s functions, the surface
normal displacement becomeswisoðr; hÞ ¼ 18plð1 mÞ Pz
Z 1
0
ð3 4mþ nhÞenh J0ðnrÞ
1þ n3wiso
dn
(
Ph cosðh h0Þ
Z 1
0
nhenh
J1ðnrÞ
1þ n3wiso
dn
)
; ð55Þwhich are in exact agreement with the results presented by
Selvadurai (2001), and Selvadurai andWillner (2006) for the surface
response of a surface stiffened isotropic half-space under the action
of buried vertical and horizontal point loads, respectively.5.2. Rigid plate
By taking the limit Ep !1, the problem associated with a
transversely isotropic half-space with rigid surface is recovered.
The inﬁnite ﬂexural stiffness of the plate results in IðnÞ ! 1. There-
fore, the semi-inﬁnite integrals related to the interaction terms of
displacement Green’s functions can be evaluated in closed-form as½u^r Iðr;h; zÞ ¼
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It is easily veriﬁed that all displacement components vanish on the
surface, z ¼ 0.5.3. Extremely ﬂexible plate
Consider the limiting case of an extremely ﬂexible plate bonded
to a transversely isotropic half-space, i.e. Ep ! 0. In this case, IðnÞ
vanishes and the Green’s functions of the problem reduce to those
corresponding to a transversely isotropic half-space with in-plane
surface constraints, i.e. u^i ¼ ½u^i H , (i ¼ r; h; z).5.4. Surface normal displacement
By setting z ¼ 0 in the obtained relations for the Green’s func-
tions, the lateral deﬂection of the plate wðr; hÞ ¼ u^zðr; h;0Þ becomes
wðr;hÞ ¼ 1
2pc44
Z 1
0
Pzðs1g2es2nh s2g1es1nhÞ
c33s1s2ðs21 s22Þ
J0ðnrÞ
ð1þ n3wÞ dn
(
þ
Z 1
0
Ph cosðh h0Þg1g2ðes1nh es2nhÞ
c11ðc13þ c44Þðs21 s22Þ
J1ðnrÞ
ð1þ n3wÞ dn
)
; ð56Þ
when s1 – s2; and
wðr; hÞ ¼ 1
4pc44
Z 1
0
Pzðc11 þ c44s21 þ g1nhÞes1nh
c33s31
J0ðnrÞ
ð1þ n3wÞ dn
(
þ
Z 1
0
Ph cosðh h0Þg21nhes1nh
c11ðc13 þ c44Þs1
J1ðnrÞ
ð1þ n3wÞ dn
)
; ð57Þ
when s1 ¼ s2.
Fig. 4. The normal displacement along the depth for a surface stiffened Beryl rock
half-space subjected to a normal point load acting at b ¼ 1.
Fig. 5. The effects of relative stiffness factor on the surface normal displacement of
a reinforced Beryl rock half-space subjected to a normal point load acting at b ¼ 10.
Fig. 6. The effects of relative stiffness factor on the surface normal displacement of
a reinforced Beryl rock half-space subjected to a horizontally directed point load
acting at b ¼ 10.
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When the point load embedment depth approaches zero
ðh ! 0Þ, the point load actually acts at the interface. In other point
of view, the problems of horizontal and vertical load components
acting at the interface can be considered as the modiﬁed versions
of the classical Cerruti and Boussinesq problems, respectively,
associated with a surface stiffened transversely isotropic half-
space. When h! 0, it can be inferred from (56) that the surface
normal displacement for the Cerruti load case tends to zero. In this
case, the kinematic constraints on the surface (1) and (2), imposed
from both inextensibility and perfect bonding of the plate, prevent
the system to sustain any axial displacement. It is worth noting
that for the classical Cerruti problem pertinent to a transversely
isotropic half-space, the axial surface displacement is given by
uzðr; h;0Þ ¼  Ph cos h2pr c13 þ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃc11c33pð Þ ; ð58Þ
which is non-zero, except when
m ¼ 1 2 E
E0
m02: ð59Þ
On the other hand, the incompressibility conditions for transversely
isotropic materials are (Itskov and Aksel, 2002)
m0 ¼ 1
2
; m ¼ 1 E
2E0
; ð60Þ
which satisfy condition (59). Here, it should be noted that Ding et al.
(2006) expressed the incompressibility conditions for transversely
isotropic solids in terms of elastic constants as c11 þ c12 ¼ 2c13
and c13 ¼ c33 which violate the non-singular assumption for the
elastic tensor. In other words, since the incompressibility condition,
ii ¼ 0, implies that at least one of eigenvalues of the compliance
tensor is zero, the elasticity tensor cannot be obtained from the di-
rect inversion of the singular compliance tensor, for more details
see Itskov and Aksel (2002).
For the case of Boussinesq loading at the interface, the surface
axial displacement (56) reduces to
wðr; hÞ ¼ Pzðc11 þ c44s1s2Þ
2pc33c44s1s2 s1 þ s2ð Þ
Z 1
0
J0ðnrÞ
1þ n3w dn: ð61Þ
To the best of the authors’ knowledge, there is no closed-form result
for the obtained integral. However, the maximum surface axial sur-
face displacement which occurs under the point load is expressed in
closed-form as
wmax ¼ Pzðc11 þ c44s1s2Þ
3
ﬃﬃﬃ
3
p
c33c44s1s2 s1 þ s2ð Þ
ﬃﬃﬃ
w3
p : ð62Þ
It is observed that in spite of the classical Boussinesq solution which
is singular beneath the point load, the expression (62) has ﬁnite va-
lue when w – 0. This is due to the kinematic constraints imposed on
the half-space surface as well as the ﬂexural stiffness of the thin
plate.
6. Numerical results
To the best of the authors’ knowledge, the semi-inﬁnite inte-
grals appearing in the interaction terms of the obtained Green’s
functions cannot be evaluated in closed-form. However, appropri-
ate numerical integration techniques can be employed to evaluate
such integrals. Here, the built-in numerical integration function of
MATHEMATICATM program is utilized for this purpose.
Lets introduce the dimensionless parameters q ¼ r=t, b ¼ h=t,
and w ¼ w=t3. Here, the ﬁrst set of numerical results are depicted
for a Beryl rock half-space with elastic constants c11 ¼ 41:3 GPa,c12 ¼ 14:7 GPa, c13 ¼ 10:1 GPa, c33 ¼ 36:2 GPa, and c44 ¼ 10 GPa
stiffened by a thin plate.
Fig. 4 shows the dimensionless normal displacement of a Beryl
rock half-space subjected to a buried vertical point load at b ¼ 1
along the depth for various relative stiffness factors w. As it is ob-
served the maximum response corresponds to an unstiffened
half-space. Imposing surface kinematic constraints only (w ¼ 0),
Table 1
The elastic properties of some transversely isotropic materials.
Material E0
E
G0
G
c11
a c12 c13 c33
Material 1 3 1 2.76 0.76 0.88 7.94
Material 2 1/3 1 4.33 2.33 1.67 1.67
Material 3 1 3 1 0.33 0.33 1
Material 4 1 1/3 9 3 3 9
a cij ¼ cij=c44.
Fig
a r
(w
Fig
a r
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ing the ﬂexural rigidity of the plate, the normal displacement de-
creases entire the half-space. As it is expected, for the case of a
rigid plate the surface normal displacement vanishes.
Figs. 5 and 6 show the proﬁle of dimensionless surface axial dis-
placement for axisymmetric and asymmetric buried point loads,
respectively, both acting at b ¼ 10. In these ﬁgures, the effect of
dimensionless relative stiffness factor w on the surface displace-
ment is illustrated. As it is observed, for the case of asymmetric
loading increasing the relative stiffness factor shifts the location
of maximum surface displacement to the right. As an interesting
ﬁnding, it is seen that the surface normal displacement is zero only
at the origin for the stiffened half-spaces subjected to buried hor-
izontally directed point loads. This phenomenon can be proved
mathematically based on the relation (45) and the positive deﬁ-
niteness criteria of the strain energy (Payton, 1983)
c11 > c12j j; c11 þ c12ð Þc33 > 2c213; c44 > 0: ð63Þ
On the other hand, for unstiffened compressible transversely isotro-
pic half-spaces the surface axial displacement attains two positive
and negative peaks along the r-axis, i.e. there is another point with
zero value displacement far from the origin. It is seen that applica-
tion of surface reinforcement reduces the surface displacement
noticeably in a ﬁnite region above the point load. For the asymmet-
ric loading this region is more extensive than the axisymmetric one.
For the asymmetric loading, applying only kinematic in-plane con-
straints on the surface of the half-space (w ¼ 0) does not have any
considerable effects on the maximum surface axial displacement.Fig. 9. The surface normal displacement of some stiffened transversely isotropic
half-spaces subjected to a normal point load acting at b ¼ 2.
Fig. 10. The surface normal displacement of some stiffened transversely isotropic
half-spaces subjected to a horizontal point load acting at b ¼ 10.
. 8. The effects of load embedment depth on the surface normal displacement of
einforced Beryl rock half-space subjected to a horizontally directed point load
¼ 10).
. 7. The effects of load embedment depth on the surface normal displacement of
einforced Beryl rock half-space subjected to a normal point load (w ¼ 10).In Figs. 7 and 8, the proﬁle of surface normal displacement cor-
responding to the vertical and horizontal point loads acting at var-
ious depths is delineated, respectively, for w ¼ 10. Both ﬁgures
show that the load embedment depth has a signiﬁcant effect
on the results, for instance, moving the load from the surface
(Boussinesq case) to the depth h ¼ 5t for the axisymmetric loading
results in about 60% decrease in the maximum surface displace-
ment. It is seen that despite the classical Boussinesq problem, the
deformation is ﬁnite right beneath the point load.
At this point, lets study the anisotropy effects on the elastic re-
sponses. For this purpose, several stiffened half-spaces made of
dissimilar transversely isotropic materials whose properties listed
in Table 1, are considered. For all of these materials it is assumed
that G ¼ 2 GPa, and m ¼ m0 ¼ 0:25. It is worth noting that all consid-
ered synthetic materials hold the positive deﬁniteness criteria
associated with the strain energy. In order to have a reliable com-
parison, the material properties of the plate are taken as Ep ¼ 2E,
and mp ¼ 0:3. The surface normal displacement proﬁle for the case
3290 M. Eskandari, S.F. Ahmadi / International Journal of Solids and Structures 49 (2012) 3282–3290of a normally directed point load at b ¼ 2 is plotted in Fig. 9. From
this ﬁgure it is evident that the dominant affecting parameter is the
shear moduli ratio G0=G. On the other hand, for the buried asym-
metric loading at b ¼ 10, the Young’s moduli ratio E0=E has the
most effect on the surface normal displacement proﬁle, see
Fig. 10. As an important ﬁnding, it is seen that neglecting the aniso-
tropic behavior of the half-space and modeling it as an isotropic so-
lid may lead to unreliable results.
7. Conclusion
Green’s functions of a transversely isotropic half-space stiffened
by a Kirchhoff thin plate perfectly bonded to its surface were ob-
tained. Bonded contact assumption implies kinematic constraints
of zero in-plane displacements at the interface. The results corre-
sponding to some special problems including a surface-stiffened
isotropic half-space, extremely ﬂexible and rigid plates, surface
normal displacement, and Boussinesq and Cerruti loadings were
obtained as the limiting cases of the current study. From both ana-
lytical and numerical results the following important ﬁndings are
reported:
 Although for the asymmetric loading the effect of surface kine-
matic constraints (ur ¼ uh ¼ 0) on the maximum surface axial
displacement is almost negligible, it signiﬁcantly decreases
the surface response for the axisymmetric loading.
 In spite of the classical Boussinesq problem, for a surface stiff-
ened half-space the surface normal displacement beneath the
point load is not singular and attains a ﬁnite value.
 Neglecting the anisotropic behavior of the medium can consid-
erably alter the results. The dominant affecting parameters are
G0=G and E0=E for axisymmetric and asymmetric loadings,
respectively.
 The surface normal displacement is zero only at the origin for
the stiffened half-spaces subjected to buried horizontally direc-
ted point loads. On the other hand, for unstiffened half-spaces
made of compressible materials there is another point with zero
value displacement far from the origin.
 The surface normal displacement of an incompressible trans-
versely isotropic half-space under Cerruti’s loading is identicallyzero. The incompressibility conditions for transversely isotropic
materials c11 þ c12 ¼ 2c13, and c13 ¼ c33 obtained from the direct
inversion of the compliance tensor and reported in the litera-
ture, are meaningless, for instance, see Ding et al. (2006). It is
due to this fact that the determinant of the compliance tensor
for the incompressible materials are zero (Itskov and Aksel,
2002).
The obtained Green’s functions play a key role in treating further
mixed-boundary-value problems in surface stiffened transversely
isotropic half-spaces.
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